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Chinese J. Math. (Taiwan, R.O.C.)
1993, Vol. 21, No. 1, 21-31

ON THE “FAIR” GAMES PROBLEM FOR THE WEIGHTED
GENERALIZED PETERSBURG GAMES

KUANG-HSIEN LIN ( #fk® ), TEN-GING CHEN ( fX# )
AND LING-HUEY YANG ( #%®E )

n
ABSTRACT. Let S, = Zanj, n > 1, where {Y,,,n > 1} arei.i.d. r.v.’s and
i=1
{an,n > 1} are real numbers. Interpreting a,Y, as a player’s winnings from
the n—th game, a natural question is whether there is an entrance fee m,, to the

n
n—-th game such that S,/M, — 1 in pr., where M,, = ij. Suppose that
7=1
{Y,.} represent the winnings from a sequence of generalized Petersburg games,
that is, {Y,,n > 1} are i.i.d. random variables with P{Y; = ¢~*} = p¢F~1,
0<p=1-¢g< 1,k >1. It is shown that when a, > 0, Vn = 1,2,3,---

and nlgrolo (]z::l aj)/(lréljasxn aj)] = 00, then there exist {M,,n > 1} such that

Sn/M, — 1in pr..
1. INTRODUCTION

Consider a sequence of games and a sequence of independent random variables
{X,,n > 1} where for each n > 1, X, represents a player’s winnings from par-

ticipating in game n. Suppose that the player pays the (nonrandom) entrance fee
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22 Kuang-Hsien Lin, Ten-Ging Chen and Ling-Huey Yang

m,, for the opportunity to play the n—-th game, n > 1 For the first n games,

ZX represents the total winnings and M, ij represents the total
j=1 i=1
or accumulated entrance fees, n > 1. The sequence of entrance fees {m,,n > 1}

is said to be “a fair solution in the weak (resp., strong) sense to the games” if
Sn/M, — 1in pr. (resp. S,/M, — 1 almost surely (a.s.)).

In the current work, attention will primarily be focused on the weighted i.1.d.
case consisting of X, ’s of the form a,Y, where {a,,n > 1} are real numbers
and {Y,,n > 1} are i.i.d. random variables. Adler and Rosalsky [1, Theorem 3]
provided a generalization of the Chow-Robbins Theorem [2] to the weighted i.i.d.
case. They showed for i.i.d. random variables {Y,,,n > 1} with

(%) E|Y;| = oo, nla,| T and Zaj = O(nla,l),

then for each sequence of real numbers {M,,,n > 1} either

n—0o0

=0 as. or lim sup }

n

n =1}=0.

The classical Petersburg game may be described as follows: A fair coin is

and, consequently,

repeatedly tossed. If “heads” occur for the first time on the k-th toss, the player
wins 2F dollars. Thus, the player wins X dollars where P{X = 2¥} = 27F k > 1.
In 1], Adler and Rosalsky consider the case where the underlying coin need not
be fair, that is, suppose “heads” occur with probability p where 0 < p < 1. Let
a be a fixed constant. For the n—th game, if “heads” occur for the first time on
the k-th toss, the player wins n®¢~* dollars where ¢ = 1 — p. In other words, the
winnings X,, from the n-th game are of the form X, = n®Y,, where {Y,,n > 1}

are i.i.d. random variables with
(1) P{Yi=q¢ "} =p¢", k>1.

In this paper, we consider the weighted generalized Petersburg games. While no

fair solution exists in the strong sense when the hypotheses of () are satisfied, we
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On the “Fair” Games Problem for the Weighted Generalized Petersburg Games 23

try to find a fair solution in the weak sense. That is, for a sequence of real numbers
{@n,n > 1} and i.i.d. random variables {Y,,n > 1} with P{Y; = ¢ *} = p¢*!,
k>1,0<p=1-—gq <1, find conditions on {a,,n > 1} which ensure the existence
of constants {M,,n > 1} for which

n

> a;Y;

i=1

M,

— 1 in pr.

obtains. Under such conditions, {M,,n > 1} can be found explicitly (Adler and

Rosalsky proved in the special case where a, =n®, n>1, a > —1).

2. RESULTS

Let Y be distributed as in (1). We introduce some properties given by Adler
and Rosalsky [1].

Lemma 1. ([1]): Let Y be a random wvariable with P{Y = ¢ F} = pg*~1,
k>1,0<qg=1-p<1.

(i) For all a > 0, P{Y > a} < (qa)™".
(i1) Foralla > 1, P{Y > a} > a7

(iii) For all a > ¢7!, EY?I(Y < a) = ¢ %! — ¢7! < ¢'a, where k is the largest
integer such that ¢ < a.

(iv) For all @ > ¢7', EYI(Y < a) = kpg~!, where k is the largest integer such
that ¢7* < a.

For a given sequence of positive weights {a,,n > 1}, define, for each z > 0,
u,(z) as the expectation of the weighted random variable a, Y, which is truncated

at , that is, u,(z) = Efa,Y,I(a,Y, < z)]. In the following theorems, let

A, = {x éuj(a:) > w},
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24 Kuang-Hsien Lin, Ten—-Ging Chen and Ling-Huey Yang

and

M, = sup{x : éu](x) > :c} .

Theorem 1. Let {Y,,n > 1} be i.i.d. random variables with P{Y; = ¢”*} =
ptL k>1,0<p=1-g<1 If

n
>a

(2) lim /=1 — =0 and a,>0, Vn=1,23,-,
n—00 mmax aj
1<j<n
then

(i) there exists an integer No, such that A, # ¢, Yn > Nj.
(ii) A, C A, Ym >n > N,.
(iii) M, is finite for each fized n > Ny, and M, T oo.

(Throughout, the symbol log denoted the logarithm to the base ¢™!.)
Proof. (i) For all z > ¢~', Lemma 1(iv) ensures that

pg '(logz — 1) < EVhI(Y; < z) <pgllogz.
Therefore, for each y =1,2,3,---,n,
ajpg ' (logaj'e — 1) < uj(z) = Ea;Y;1(a;Y; < z) < a;pg ' log aj'z,
and hence,

Z[aqu_l(log aj'laz -1)]-z < Zu](:c) —z
=1 =1
3) j Jn
< Y lajpg'logajta] — z.
Jj=1

Let
ho(z) =) lapg'(loga;'z — 1) — =,

3=1
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On the “Fair” Games Problem for the Weighted Generalized Petersburg Games 25

and
gn(z) = Y lajpg " loga;'z] — z.
1=1

Then we can rewrite (3) as

’

© a(#) < Y us(e) = < gu(a).

Also, we note that h,(z) has a maximun value at :vgn) = pq! Zaj loge, and

i=1
n

) [Za,k,g@ pise))

e
Now, condition (2) implies that, for a given fixed 0 < p < 1, there exists an

integer Np such that

n
3o

max a; loge
1<j<n 7 ~ plog

(S

; Vn_>_No

Hence for each n > N,

2% log e
n =1
o o e | L

j=1 a; €

Therefore, by (3)', we get

Anz{x:iuj(x)}_:c}aéqb, Vn > Ny.
j=1

(i1) Since u;(z) > 0, Vj, we have Eu](a: > Zuj(:v) >z, Vm >n > N,.

j=1

Therefore, A, C A, Ym > n > No.
(iii) For fixed n > Ny,

gn(z) =Y [a;pg loga;'z] — 2 — —00, as = — 0.

=1
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26 Kuang-Hsien Lin, Ten—Ging Chen and Ling—Huey Yang
Thus, by (3),

M, = sup{a: DY uj(z) > x} is bounded away from infinity.

i=1

To prove M,, T co as n — oo, note that (by (ii))
A, CA,, Vm > n > Ny

and thus M, < M,, Vm > n > No.

Finally, under the definition of M, and x&”), we have

M, = sup A, > z§” = pg™! (Z a]-) loge,

i=1

and this ensures that M, — oo, as n — oo; since

n
2.4
j=1

max a;
1<58n

A

n
>a
1=1

— oo ifandonlyif Y a;j—oco and -0
—~

for positive numbers {a,}.
Theorem 2. Let {Y,,n > 1} be i.i.d. random variables with P{Y; = ¢~*} =
pg", k>1,0<p=1-q < 1. For a sequence {an,n > 1} of positive real

2.4

=1

numbers, if lim = 00, then
n—00  max a;
1<54n 7
M,
(1) — 00, a8 N — 00
max a
1<5<n
n
> ui(My)
(i1) ]=1M —1,asn — o0
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On the “Fair” Games Problem for the Weighted Generalized Petersburg Games

Proof. (i) We recall that

M, =sup A, >m0)—pq (Za])loge,

]=1

pg! (Z aj) log e

. M '=1
that is, b
max a; max a;
1<5<n 1<5<n
n
Zaj
Now, letting n — oo and using lim ——— = oo
n—0o max a;
1<5<n

we conclude that (1) is true.

(ii) Since
M, = sup{x DY uj(z) > x},
=1

then either

> ui(My) S ui)

4 =t _  _ = >
(4) A 1 or YA >1> i

In the latter case, it follows

2oui(M) Y ui(M) |
0 < | - = < > a1
S T i, | S L Pz

(5)

This content downloaded from 163.13.36.180 on Thu, 26 Nov 2020 03:09:03 UTC
All use subject to https://about.jstor.org/terms

27



28 Kuang-Hsien Lin, Ten-Ging Chen and Ling-Huey Yang

Now, by (i) and the fact that EY, = oo, Vn, we have

1 n n
ARk 2o
0 < n =1 _ 7=1
—_— 1 n - n
v u;(M,) Z aju*(a;' M,)
n oj=1 J=1
< : -0
u* (M"/lr?ﬂ)% aj)

where

u*(z) = EY1I(Y1 < z).

.izl“f(M")

Therefore, we get nlLHolo =1.

n

(iii) As in the proof of (ii), we have

n
2.9

0< n'=1 < L —0, as n—ooo.
Suny) v/ pe )
Jj=1
Note that . . .
Zaf Zaj ZuJ(Mn)
7=1 _ j=1 7=1
M, M,
Z ui( M)
J=1

It follows from (ii) that

En:aj = o(M,).

=1
One preliminary lemma 2 will be established before stating the main results.
Lemma 2. Let {X,,n > 1} be independent random variables and {b,,n > 1}
be real numbers with 0 < b, T co. Then

©) S [X X - L EGIIX] b)) — 0 inpr.,

n =1 i=1
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if
™ O LPIK]> b} =),

(8) () g > BXI(X] < b) = o).

nJ1

Proof. To prove (6), set

X =XI(X|<b), 2 =X]-EX].
Then (ii) entails
bi Z Z; — 0 inpr.,

1=1

since Ve > 0,

iE(X;)z

1 n
P{ — Y Z; >€} < —
by, Jz:; ! (eb,)?
> EXFI(1X;] < b)
_ J=t 50
B (eby)? ’
as n — oo. That is,
9) - [ZX' ZEXI(|X|<b)]——>O in pr..

n Li—

Next we will show that
DX, -> X;— 0 inpr..
‘: j=1

It follows from the first condition that

P{ile # ilX}} < éP{Xj # X[} = ilP{|Xj| > by} = o(1).

Therefore, for all € > 0,

P
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30 Kuang-Hsien Lin, Ten-Ging Chen and Ling-Huey Yang

Hence

(10) bi[zn:Xj—Zn:X;] — 0 inpr..

n bty=1 j=1
Combining (9) with (10), we conclude that
bl[ZXj - Y EX;I(|X;| < bn)] — 0 inpr..
n Lo i=1
Under the condition (2), it will be shown that (6) is true if {X,,} and {b,} are

replaced by {a,Y,} and {M,}, respectively. And with this, the main result can be
established.

Theorem 3. Let {Y,,n > 1} be i.i.d. random variables with P{Y; = ¢ ¥} =
p" L, k>1,0<p=1-q<1, and let {a,,n > 1} be a sequence of positive real

numbers.
n
>4 | a
. 7=1 .
If lim ——— =00 then Zajl’} — 1 in pr..
n—o0 max a; M, =
1<5<n i=

Proof. By Lemma 1 (i) and (iii), we have

n n Zaj
> P{a¥; > My} < 3 (qa' M) = S,
Jj=1 J=1 qiviy

n

2.4

n ,=1
Y E(a,;Y;)*I(a;Y; < M) < ’q i

1
M2

n j=1

and

Now conditions (7) and (8) follow directly from Theorem 2 (iii), whence via
Lemma 2
1 n n
(11) YA [Z a;Y; — 3 Ea;Y;I(a;¥; < Mn)] — 0 inpr..
n Lo i=1
Finally, combining (11) with Theorem 2 (ii), we have

1 n
Y Zanj — 1 inpr..

n j=1
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